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1 Introduction 

In this note, we give an alternative presentation of one of the ingredients occurring in M. 
Papanikolas's proof of the algebraic independence of Carlitz logarithms |7]. More precisely, 
the main theorem of [7] reduces the problem to the computation of the Galois group Gx 
of a certain t-motive X, and we present an alternative proof of the computation of Gx- 
The method is inspired from [5], and should apply to other situations, such as logarithms 
of Drinfeld elliptic modules, or values of C-functions. We now recall the statement of Papa- 
nikolas's theorem, and the notations of his article, which will be kept throughout this note. 



1.1 Notations 

Let ¥q the field of g-elements, where g is a prime power of p. Let k = ¥q{9), where 9 is 
transcendental over F^, and define an absolute valuation |.|oo at the infinite place of k such 
that l^loo = 5'- let /Coo be the oo-adic completion of k, let koo be an algebraic closure, let IK 
be the cxD-adic completion of k^o, T := K{t} is the ring of restricted power series and let k 
be the algebraic closure of k in IK. For / = J2i '^j^* '^7 ^^t f^~^^ = J2i '^1'^^- 

Definition 1.1 (see [7]) We letT he the category oft-motives in the sense of 3.4-10. 

We recall that T is a strictly full Tannakian sub-category of the category 71 of rigid 
analytically trivial pre-t-motives. Objects in TZ correspond to certain cr-difference equations 
over k{t), and a fiber functor u; on T is provided by rigid analytic trivialization. In par- 
ticular, T is a neutral tannakian category over ¥g{t). We denote its identity object by 1, 
and for any X in T, we write Gx = Aut'^ {u\<:x>) for the Galois group of X attached to 
the fiber functor u, see [7], 3.5.2, 4.4.1 and 5.4.10. By [7], 5.2.12.b, this is a reduced affine 
group scheme over Fg(t). 

1.2 Exemples of cr-equations associated to objects of T 
1. The Carlitz motive 
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We define the Carlitz motive to be the pre-t-motive C whose underlying fc(t)-vector 
space is k(t) itself and on which a acts by 

a{f) := (t-0)/(-i),/eC 

(a) The Carlitz motive is rigid analytically trivial and one of its analytic trivializa- 
tion is given by the function ^ (see [7] 3.3.5). 

(b) The number vr = — is the Carlitz period. 

(c) The Galois group Gc of C is equal to Gm- 

(d) Moreover, we have EndriC^C) = ¥g{t) (cf. [7] 3.5.3). 

2. The Carlitz logarithm motive 



Let a,- G k* with \aA^ < Wl'^JJ^'' ^\ Set : 



(t-O) 
a\-'\t-9) 1 



$(Q;j) defines a pre-t-motive X(aj), which is an extension in the category T of 1 by 
the Carlitz motive C 



. 



C ^ X{ai) ^ 1 



Indeed, the pre-t-motive X{ai) is rigid analytically trivial (see [7] prop. 7.1.3) and its 
trivialization is given by 

n 



^L^, 1 



where the function La- is defined as in 0, 7.1.1 : this is an element of T satisfying 
the functional equation : 

(-1) , 



a(L„J=ar^ + 



(t-ey 

whose value at t = 6^ is equal to the Carlitz logarithm Logc{oii) of ctj. 
3. The multiple Carlitz logarithm motive 



Let € /c with |ai|oo < \d 



$(ai, ...,ar 



Set 



/ t-e ■•• \ 

a{^\t-e) 1 ■■■ 

V a\r^\t-e) ■■■ 1 y 
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$(q;i, Or) defines a pre-t-motive X{ai, ...,ar) which is an extension of 1^ by the 
Carhtz motive C : 



0- 



■ C ^ X{ai, ...,ar 



. 



The pre-t-motive X{ai, ...,ar) is rigid analytically trivial (see [7] prop. 7.1.3) and its 
trivialization is given by : 



^(ai, ...,ar 



As in j5j, proof of Cor. 2.2, we have : 



/ n ■■■ \ 

ni^.i ■■■ 



Lemma 1.2 The tannakian category generated by X(ai, ...,ar) in T is equal to the Tan- 
nakian category generated by the motive @l^iX{ai). 



1.3 Papanikolas's theorems on algebraic independence. 

Theorem 1.3 (Theorem 7.4.2 in [7]) Let Ai,...,Ar G K satisfy expc{Xi) G k for i = 
1, ...,r. // Ai, Ar are linearly independent over k, then they are algebraically independent 
over k. 

Since the period tt satisfies expciji) = 0, we can rephrase Theorem 11.31 as follow : Let 
Ai,...,Ar- G K satisfy expc{K) E k for i = l,...,r. If Ai,...,Ar,7r are linearly independent 
over k, then they are algebraically independent over k. 

Because the indetermination of the Carlitz logarithm is given by /c-multiples of n (cf. 
[7], 7.4.1), this is in turn equivalent to 

Theorem 1.4 Let ai, ar G k* with\ai\^ < 1^1^^'^"^^ A ssume that vr, logc{ai), logc{oir) 
are linearly independent over k. Then they are algebraically independent over k. 

Now, TT = —-^^,logc{Q.i) = Laj^{9), ...,logc{ar) = La^{6). Combining the main Theo- 
rem 1.1.7 of his article together with a previous transcendence criterion (Theorem 6.1.1), 
Papanikolas reduces the proof of Theorem 11.41 to showing : 

Theorem 1.5 (Theorem 7.3.2.C in |7]) Let G k* with l^iloo < 1^1^^' As- 

sume that TT,logc{oei), ■■■,logc{ar) o,re linearly independent over k. Then the dimension of 
the Galois group Gx of the t-motive X = X{ai, a^) is equal to r + 1. 
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1.4 Sketch of the proof of Theorem 11.51 



Following [7], we will work in the framework of the Tannakian category T of t-motives, 
cf. Definition ll.li As just recalled, the method of M. Papanikolas for proving Theorem 11.31 
is to compute the Galois group Gx of the t-motive X. This is the content of Theorem 7.3.2 
of [7], where Gx is denoted by Vx- Note, however, that the paragraph following (7.2.4.1) 
needs some clarification, since Tx is not a linear subspace. In this note, we will give a tan- 
nakian version of the computation of Gx, which while settling this point, actually simplifies 
the proof of [7], and points towards further generalizations of Theorem 11.31 

So, we have to compute the dimension of the Galois group attached to the motive 
X = X{ai, ...,ar). To this purpose, we deduce from Lemma [L2] that the Galois group of 
X is equal to the Galois group G of 0^=1 -^(cti). As in 7.2.2, we see that the quotient 
of G by its unipotent radical is isomorphic to the Galois group of the Carlitz motive C, i.e 
to Gm- Therefore, it remains to compute the dimension of the unipotent radical of G, that 
is the unipotent radical of the Galois group of a sum of extensions of 1 by the Carlitz motive. 

To compute the latter dimension, we will use the theorems of Section 2 below, which 
reduce the problem to a question of linear algebra ; this section combines the arguments of 
[5] with Papanikolas's crucial observation that the unipotent radical is a vectorial group, 
see [7], 7.2.3. Finally, Section 3 completes the proof of Theorem 11.51 along the lines of [7], 
bottom of p. 50. 

2 Computation of Galois groups in Tannakian categories 
in characteristic p 

Let p be a prime number. Let (T, u) be a neutral Tannakian category over a field C of 
characteristic p. Let 1 denotes the unit object of T, so that C = End{l) and uj -.T ^ Vectc- 
In the application to [7j, T = T and C = ¥q(t), where g is a power of p and t is transcen- 
dental over ¥q . 

For any object X in T, we denote by Gx the linear algebraic group scheme Aut^{uj\^x>) 
over C. Furthermore, we identify G-vector spaces such as uj{X) to vectorial groups over G. 

Theorem 2.1 Let y be an object ofT, and letU be an extension of 1 by y. Assume that 
Gu is reduced, that Gy = Gm, and that the action of Gm on uj{y) is given by its canonical 
character. Then the unipotent radical of the Galois group Gu is equal to uj{V) where V is 
the smallest sub-object ofy such thatlA/V is a trivial extension of 1 by y /V . 

Proof 

First of all, we remark that every Gm-module of finite dimension over G is completely 
reducible (see [6] p. 35). By Tannaka theorem (see [4j) , there is an equivalence of category 
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between < y > and the category Repoy of Gy-modules of finite dimension over C. Then, 
it is clear that 3^ is a completely reducible object in T. 

Existence of the smallest sub-object 

Let us denote by V the set of sub-objects W of 3^ such that U/W is a trivial extension 
of 1 by y /W. It is enough to prove that if Vi and V2 are in V, their intersection W lies in V. 

Because y is completely reducible, there exist three sub-objects V, W(, W2 of ^ ^^^h 
that : 

1. Vi = W © W(, V2 = w © w^. 

2. 3; = Vi © © v = V2 © © v = w © e >v{ © V 

We have : 

Ext\l,y) Ext\l,Vi)xExt\l,W'2®V) et Ext\l,y) Ext\l,V2)xExt\l,W[®V'). 

Because Vi and V2 are in V, the projection of U is trivial on Ext^{l,W2 © V) and on 
Ext^{l, yV[ © V). Then the projection of U is also trivial on Ext\l, © >V( © V) and 
thus W is in V. 

Computation of the unipotent radical Ru of the Galois group Gu ofU 
By assumption, U lies in an exact sequence : 

— ^y^^u^^i ^0. 

Let i? be a C-algebra. Since the categories < U > and Repa^ are equivalent, uiiJA) ® R 
is an extension of the unit representation \r par uj{y) ® R in the category RepGu{R) of 
Gw(-R)-modules of finite rank over R. Consider the exact sequence of free i?-modules : 

^u{y)®R^u{U)®R ^R >0, 

fix a section s of the underlying exact sequence of C-vector spaces, and put = e 
U!{U) <S> R, where — s <S> i- 

Let us consider the morphism of C-schemes C^(ii^ '■ Gu{R) — ^{y) ® R defined by the 
relation : 

VaGG,,(i?),C%(a) = (a -!)/«. 

This defines a morphism of schemes Cui{u) over C from Gu with value in the C-vector space 
uj{y), whose restriction to Ru is an immersion of algebraic group-schemes over C from R^ 
to the C-vectorial group oj{y). Since Gu is reduced, its scheme theoretic image is again 
reduced, and we have : 
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Lemma 2.2 (see [5], 2.8 and [7], 7.2.3) The imageW of Ru under C,uj(pi) is a C -vectorial 
subgroup of the C vectorial group uj{y). 

Proof 

Since W is reduced, it suffices to check this on points in the algebraic closure of C . For all 
a I G Gy and (72 G Ru, we have 

C(W)(criO-20-i""^) = cri(C(ir^)((T2)). 

Indeed, we have : 

(7iC{w)(f^r^) = (1 - (^i)f = -Clu{u){(^i), (1) 

and 

C(W)(0-l0-20-l"^) = 0-l(Ca;(W)(0-20-l""^))+C(W)(ai) = O"! ((72 (Ca;(W) ((Ti ""^ ) ) +Ct^(i7) ((12) ) +Ca;(W) (o"! ) • 

From dH), we deduce that : cTi((T2(Ca;{W)(cri""^))) = -o"iO"20"i"^(C(w)(o-i)). But cri(T20"i""^ is an 
element of i?„ and Ca;{w)(o-i) lies in u;(3^). Then, ai{a2{Ccu{u){<yi'^))) = Therefore 

0-l(Ca;{W)(0-2)) = Ca;{W) (0^10-20-1"^) bcloUgS tO W . 

In other words, is an algebraic subgroup over C of uj{y) which is stable under the 
action of Gy. Now, Gy = Gm and the hypothesis that uj{y) is an isotypic representation 
of Gm implies that W is a C-vectorial subgroup of the C-vectorial group ti;(3^). 

Lemma 2.3 (see [5], 2.9) The image under uo of the smallest sub-object of\ is equal to 
W. 

Proof 

Let us denote by V the minimal object of V, and by V its image under u. Then, Gu acts 
on uj(U/V) through Gy (because Z///V is a trivial extension of 1 by a quotient of y in the 
category T). Thus the projection of f^ = s(l) in u!(U)/V is invariant under the action of 
Ru, and the orbit {af^ - f^; cf & Ru] lies in V. Therefore C(w)(-R„) ■.= W CV. 

Conversely, the image W of Ru under Cw(w) is, by Lemma 12^21 a C-vector-space stable 
under the action of Gy in uj{y). Then, by equivalence of category, there exists a sub- 
object yy of y in T such that u{yV) = W. Let us show that W is an element of V. 
Since W is the image of Ru, Gu acts on uj(U)/W through its quotient Gu/Ru = Gy. 
Therefore, uj{U) /W{C) is an extension of C by uj{y) /W{C) in the category RepGy{c)- 
Because Gy = Gm, this extension is trivial in the category Repcy. By the Tannakian 
equivalence of categories, the extension U /W is also trivial in ExtT{l, y/W), and W G V. 
Then V C W by minimality. This concludes the proof of Lemma 12.31 hence of Theorem 
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Corollary 2.4 Let y be an object ofT, let A be the ring End{y), and let £i,...,£n be 
extensions ofl by y such that Si, ...,Sn are A-linearly independent in Ext}f.{l,y) . Assume 
that Gfi, are reduced, that Gy = Gm, and that the action of Gm on uj{y) is given 
by its canonical character. Then the unipotent radical of G£j^q),,,^£„ is isomorphic to ouiy)"'. 



Proof 

For any extension £ of 1 by y, and for any a G A, we denote by a^:(S) the pushout of 
£^ by a ; this is how the structure of A-module of Ext\,{l, y) is defined. 

We first note that the direct sum admits Gyn = Gy = Gm as Galois group, and 
that Gm again acts on uj{y"') = uj{y)"' through its canonical character. On the other hand, 
the extension £i (B ... (B £n of 1" by y"- and its pull-back £ G Ext}j,{l, 3^") by the diagonal 
map from 1 to 1" generate in T the same sub-Tannakian category. Therefore, their Galois 
groups G'£:^0...^f„ and Gg are equal, and reduced in view of our hypothesis. Let us assume 
that the unipotent radical i?„ of Gg do not fill up uj{y^) = u;(3^)". 

By Theorem 12. 11 is equal to the C-vectorial group ujiV) where V G T is the smallest 
sub-object of y^ such that the quotient by V of the extension £^ of 1 by y^ is trivial 
in the category T. If V is not equal to 3^", then uj(y) C uj{y"). Because ujiV) is a sub- 
representation of the representation uj^y"-) of Gy = G^, it lies in the kernel if of a non 
trivial Gy-equivariant homomorphism from uj{y"') to uj{y). By tannakian equivalence of 
category, there then exists a non trivial morphism $ G Hom-Yiy^ , y) such that V C Ker($). 
Now, consider the following diagram : 

y 

ynjy ^3;7Ker($) ~ y. 

Since $ G Hom-Yiy^ ,y\ we can write $(Xi,...,X„) = aiXi + ... + a„X„, with G 
End-Y:{y\ Then = ai^[£i) + Q;2*(i^2) + ••• + OLn*{£n) is a quotient of £ jV , hence a 

trivial extension of 1 by 3^ in T. In conclusion, the extension ai£^i + ... + a„£^„ G Ext\.{\,y^ 
is trivial. But this contradicts the A-linearly independence in Ext\{\, 3^) of the extensions 

£\ •)•••■) £n ■ 




3 Application to Theorem 11.5 



We shall apply Corollary 12.41 to the category T = T of t-motives, which satisfies 
G := EndriX) = ^q{t)j ^ind all of whose Galois groups are reduced, and to the Car- 
litz motive y := C, for which A := EndriC) = Fg(t) and Gc = Gm acts on the line 
uj{C) through its canonical character. We recall the extensions X{ai),i = l,...,r, of 1 by 
C described in Section 1. Because of Corollary 12.41 the dimension of the algebraic group 
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G = Gq':_ is equal to 1 + n, where n denotes the dimension of the vector space over 
A = Fg(ty generated by the X(ai)'s in Ext]-{1,C). 

By an easy computation (similar to |5|, 3.8), we get 

s 

n = max{s\$f G k{t), (jJi)-^^ G Fg(t) not all zero, such that(t-^)/("^)-/ = ^ 

1=1 

By assumption, TT,logc{ai), ...,logc{ar) are linearly independent over k = ¥q{9). Following 
[7], bottom of p. 50, we will now prove that under this hypothesis, n is equal to r. 

Suppose that n < r. Then, let us consider s such that 3/ G k{t), (yUi)|=i G ¥q{t) non all 
equal to zero such that 

{t-e)f'^-''>-f = j2f^^^t\t-o). (2) 

i=l 

It follows from Equation (JJ]) that / is regular at t = 6* : if not, f^~^^ must have a pole at 
t = 6''^^^ which implies that / has a pole at t = 9^^^\ By repeating this argument, we get 
that if / is singular at t = 6* it is also singular at t = 6*^"*^ for alH > 1, which is impossible. 
Therefore, / and f^~^^ are regular at t = 6*. 

Considering the form of Equation we then get f{9) = 0. Moreover, the solutions y 
of ([2]) are of the following type : 

1 

1=1 

with /i G Fg(t). So, there exists /i G Fg(t), such that : 

1 

f = l^-^ + '^f^iLar (3) 

1=1 

By taking t = 9 in we get : 

s 

= fi{9)n + J2^^^i^)logciai). 

i=l 

This is a non trivial relation over k between vf, logc{ai), logc{ar), which contradicts our 
assumption. 

So, dimG = r + 1. This concludes the proof of Theorem 11.51 and implies, as recalled in 
Section 1, that trdegjk{7i,logc{(yi), ■■■Jogdar)) = r + 1, i.e. that n,logc{(yi), ■■■Jogcidr) 
are algebraically independent over k. 
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